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In the presence of the local-type primordial non-Gaussianity, it is known that the clustering of primordial black
holes (PBHs) emerges even on super-horizon scales at the formation time. This effect has been investigated in
the high-peak limit of the PBH formation in the radiation-dominated epoch in the literature. There is another
possibility that the PBH formation takes place in the early matter-dominated epoch. In this scenario, the high-
peak limit is not applicable because even initially small perturbations grow and can become a PBH. We first
derive a general formula to estimate the clustering of PBHs with primordial non-Gaussianity without assuming
the high-peak limit, and then apply this formula to a model of PBH formation in a matter-dominated epoch.
Clustering is less significant in the case of the PBH formation in the matter-dominated epoch than that in
the radiation-dominated epoch. Nevertheless, it is much larger than the Poisson shot noise in many cases.
Relations to the constraints of the isocurvature perturbations by the cosmic microwave background radiation are
quantitatively discussed.
I. INTRODUCTION
Primordial black holes (PBHs) have recently attracted
much attention [1]. This is mainly because of the follow-
ing reasons. First, we can fit the signals of gravitational
wave [2–5], which have been reported by LIGO and/or Virgo.
For example, in Ref. [6], the gravitational wave emitted
from the merger events of the binaries are fitted by assum-
ing homogeneously-distributed PBHs with masses of MPBH ∼
O(10)M. Second, PBHs with MPBH ∼ O(10−17)M [1] –
O(10−11)M [7] can explain all the cold dark matter (CDM)
component in the universe (see, e.g., Refs. [8–10]). Third,
we can fit the OGLE ultrashort-timescale microlensing events
[11] by PBHs with their masses of MPBH ∼ O(10−5)M.
Fourth, PBHs with MPBH ∼ O(103.5) – O(105)M may
become seeds for formations of supermassive black holes
(SMBHs) by assuming a subsequent sub-Eddington accretion
rate on to the seed [12–14].
Concerning a possible mechanism to produce PBHs, we
expect that high peaks of curvature perturbation (or density
perturbation δ & δc ' 0.3–0.4 [15, 16]) at small scales col-
lapsed into PBHs in the radiation-dominated (RD) universe.
It is known that such a high value of curvature perturbation
at small scales are produced by various models of inflation
[17–21], preheating after inflation [22, 23], curvaton in the in-
flationary universe [24, 25], Q-ball formations [14, 26] and so
forth.
Recently, the effects of non-Gaussianities have been dis-
cussed in investigating more precise properties of the PBH
formation. For instance, Refs. [27–29] focused on a nonlinear
relation between the density fluctuations and the primordial
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curvature perturbations on super-horizon scales, and Ref. [30]
developed a formula for the PBH abundance with taking this
nonlinearity into account in the peak theory.
As another type of non-Gaussianities, the primordial non-
Gaussianity of the curvature perturbations has been also con-
sidered, which would be a probe of the inflationary mecha-
nism. It was found that the primordial non-Gaussianity has a
significant impact on the PBH abundance (see, e.g., [31, 32]
and references therein). Furthermore, some types of the pri-
mordial non-Gaussianity could affect not only the PBH abun-
dance but also the spatial clustering of PBHs. There have been
lots of works about this issue. In common understanding, if
the primordial curvature perturbations obey Gaussian statis-
tics, the distribution of the formed PBHs would be spatially
uniform; that is, the distribution is Poissonian (see, e.g., [33–
36] and references therein). On the other hand, if the proba-
bility distribution function of the primordial curvature pertur-
bations would have the non-Gaussianity which can induce the
coupling between the long and short wavelength modes, the
formed PBHs would spatially clustered even on super-Hubble
scales [36–38]. Such clustering of PBHs can be observed as
the matter isocurvature fluctuations in the cosmic microwave
background (CMB) and the large-scale structure, if the PBHs
are a part of CDM component [37, 38]. As another observa-
tional impact of the PBH clustering, the effect on the merger
rate of the PBH binary system recently has been investigated,
which should be an important parameter for the LIGO/Virgo
gravitational wave event [39–43].
The PBH formations are frequently assumed to take place
in the RD epoch. However, in the early universe, oscillating
energies of non-relativistic massive scalar fields such as in-
flaton field or curvaton field whose energy density scales as
ρ ∝ a−3 with scale factor a = a(t) may dominate the energy
density of the universe until their decays (i.e., until the reheat-
ing time). In this case, an early matter-dominated (MD) epoch
could be realized before the RD epoch.
More concretely, moduli or dilaton fields, which are pre-
dicted in particle physics models beyond the standard model
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2such as supergravity and/or superstring theory, tend to have
a long lifetime. That is because they decay only through
gravitational interaction. For example, with their masses of
the order of weak scale, the lifetime can be O(1) sec and re-
heating temperature after its domination becomes TR ∼ O(1)
MeV. [44] (see also Refs. [45–49]). In this case, PBHs with
their masses up to MPBH . O(103) M could be produced in
the early MD epoch.
In this paper, we investigate the clustering property of the
PBHs formed in the early MD epoch in the presence of local-
type non-Gaussianity. In Refs. [36–38], which focused on the
PBH formation in RD epoch, a simple high peak formalism
is employed to evaluate the two-point correlation function or
the power spectrum of the spatial fluctuations of PBH num-
ber density, which characterize the PBH clustering. This is
because in the RD epoch PBHs are considered to be sim-
ply formed through the spherical gravitational collapse of the
overdense region with Hubble scales. On the other hand, the
formation of PBHs in the early MD epoch are completely dif-
ferent from the ones in the RD epoch. Because perturbations
evolve non-spherically in MD epochs under negligible pres-
sure, even if δ  δc, a PBH can form once a region is en-
closed by its event horizon [50–52]. By considering finite an-
gular momentum in each patch of horizon, the number density
of the PBHs produced in the early MD epoch is suppressed
exponentially due to their own spins [53] (see also Ref. [54]
for an additional suppression of the number density due to in-
homogeneities). Therefore, it is a nontrivial question which
dominates between the clustering of PBHs and the Poisson
noise of the PBHs formed in the MD epoch.
We employ a model of Refs. [52, 53] for the PBH forma-
tion in the MD epoch, taking into account the nonlinear, non-
spherical evolutions of the matter density with the Zel’dovich
approximation [55] and the PBH formation with the hoop con-
jecture [56]. In order to carefully treat the details of the for-
mation process, we make use of a method of the integrated
perturbation theory (iPT) [57–61]. The iPT is a general frame-
work to predict the clustering properties of biased fields, and
is able to take into account the effects of nonlinear evolutions
of clustering, redshift-space distortions, and primordial non-
Gaussianity, etc. In this paper, we are interested in the clus-
tering of PBHs at the formation time, and the iPT is used only
in estimating a contribution of primordial non-Gaussianity to
the initial clustering of PBHs.
The paper is organized as follows. In Sec. II, a general con-
sequence of the iPT for the initial power spectrum of PBHs
due to the primordial local-type non-Gaussianity is summa-
rized. It is shown that the iPT can successfully reproduce the
previous results in the high-peak limit. In Sec. III, the formula
for the PBH clustering in the MD epoch, which is a main re-
sult of this paper, is derived. Observational implications are
discussed in Sec. IV. Our conclusions are given in Sec. V.
Technical details of the derivation of our formulas are given in
Appendix A and B. Detailed discussion on the observational
constraints is given in Appendix C.
II. THE INITIAL POWER SPECTRUM OF PBHS WITH
PRIMORDIAL NON-GAUSSIANITY
The PBHs are considered to be biased objects of the energy
density in the early universe. In this section, we generally
consider the biased power spectrum in the presence of local-
type non-Gaussianity, by making use of the iPT formalism.
The results of this section is valid both in RD and MD epochs.
A. Local-type non-Gaussianity
We consider the primordial non-Gaussianity characterized
by higher-order polyspectra of the curvature perturbations on
the comoving slice R as
〈R(k1)R(k2)〉c = (2pi)3δ3D(k1 + k2)PR(k1), (1)
〈R(k1)R(k2)R(k3)〉c = (2pi)3δ3D(k1 + k2 + k3)BR(k1, k2, k3),
(2)
〈R(k1)R(k2)R(k3)R(k4)〉c = (2pi)3δ3D(k1 + k2 + k3 + k4)
× TR(k1, k2, k3, k4), (3)
where 〈· · · 〉c denotes the cumulant, or the connected part of
correlations, and PR, BR, TR are called the power spectrum,
bispectrum, trispectrum, respectively. For the local-type non-
Gaussianity, the higher-order polyspectra are given by [62]
BR(k1, k2, k3) =
6
5
fNL
[
PR(k1)PR(k2) + cyc.
]
, (4)
TR(k1, k2, k3, k4) =
54
25
gNL
[
PR(k1)PR(k2)PR(k3) + 3 perms
]
+ τNL
[
PR(k1)PR(k2)PR(k13) + 11 perms
]
, (5)
where k13 ≡ |k1 + k3| etc., and fNL, gNL, τNL are the parame-
ters of local-type non-Gaussianity. If the primordial curvature
perturbations emerge from the quantum fluctuations of a sin-
gle scalar field, there is a relation, τNL = (36/25) fNL2 [63].
If multiple scalar fields contribute, there is an inequality,
τNL > (36/25) fNL2 [64].
The relation at linear order between comoving curvature
perturbations R and the linear density contrast δL on comov-
ing slices is given by [65, 66]
δL(k) =M(k)R(k), (6)
where the proportional factor in RD and MD epochs is given
by
M(k) ≡ 2 + 2w
5 + 3w
k2T (k)
a2H2
, (7)
and w = p/ρ is the parameter of equation of state, H = a˙/a
is the Hubble parameter. The transfer function T (k) de-
scribes the evolution on sub-horizon scales, and the time de-
pendencies in various functions are suppressed in our no-
tations for simplicity. For example, T (k, η) = [sin(kη) −
kη cos(kη)]/[3(kη)3] in the RD epoch, where η is the confor-
mal time. In the applications to PBHs in the following sec-
tions, we are interested in the super-horizon scales at the for-
mation epoch of PBHs, where we can safely put T (k) = 1.
3B. The power spectrum in the presence of local-type
non-Gaussianity
In the iPT formalism, the renormalized bias functions in
Lagrangian space are defined by [58, 59]
cLn (k1, . . . , kn) = (2pi)
3n
∫
d3k
(2pi)3
〈
δnδLX(k)
δδL(k1) · · · δδL(kn)
〉
, (8)
where δLX(k) is the density contrast of the biased objects in
Lagrangian space as a functional of the linear density contrast,
and δ/δδL(k) is a functional derivative.
The iPT formalism applies to any biased objects in general,
while in this paper we identify the biased objects as PBHs in
later sections. In Ref. [60], the power spectrum of biased ob-
jects in the large-scale limit, where nonlinear evolution of the
matter density field is negligible, is calculated by the formal-
ism of iPT in the late-time MD epoch. SubstitutingM(k) of
this literature by (5/3)M(k) in this paper, the same expres-
sions as Eqs. (23), (34) of Ref. [60] hold both in RD and MD
epochs. Thus the result of iPT for the power spectrum of the
biased objects in the large-scale limit is given by
PX(k) '[b1(k)]2PL(k)
+
12
5
fNLb1(k)
PL(k)
M(k)
∫
d3p
(2pi)3
cL2 (p,−p)PL(p) (9)
+
(
54
25
gNL + 2τNL
)
b1(k)
PL(k)
M(k)
∫
d3p1
(2pi)3
d3p2
(2pi)3
× cL3 (p1, p2,−p1 − p2)
M(p12)
M(p1)M(p2)PL(p1)PL(p2)
+ τNL
PL(k)
M2(k)
[∫
d3p
(2pi)3
cL2 (p,−p)PL(p)
]2
+ Pconst, (10)
where PL(k) is the power spectrum of the linear density field
δL, b1(k) ≡ 1 + cL1 (k) is the linear bias parameter in Eulerian
space, and Pconst is the higher-order correction terms which
are constant in the large-scale limit of k → 0.
The most dominant contribution in the large-scale limit of
k → 0 is given by the term with a factor M−2(k), because
M(k) ∼ k2. The corresponding term is the last term but one in
Eq. (10). The factorM(k) is sufficiently small for k  aH =
R−1, where R is the comoving horizon scale which gives the
mass scale M ∼ 4piR3/3 of PBHs in later sections. Therefore,
the most dominant term of the power spectrum in the large-
scale limit k  R−1 is given by
PX(k) ' τNLC22 PL(k)M2(k) = τNLC2
2PR(k), (11)
where
C2 ≡
∫
d3p
(2pi)3
cL2 (p,−p)PL(p). (12)
The Eq. (11) is the general prediction of iPT for the bi-
ased power spectrum with local-type non-Gaussianity in the
large-scale limit of k → 0. There appears a strongly scale-
dependent bias, PX(k)/PL(k) ∝ M−2(k) ∝ k−4 in the large-
scale limit. The same scaling property is also derived from
the peak-background split in the halo model [67, 68]. The
amplitude of the scale-dependent bias is proportional to the
product τNLC22, and the factor C2 depends on the formation
process of the biased objects.
C. The high-peak limit of thresholded regions
The results in the previous subsection, Eq. (11) is quite gen-
eral for any biased objects. To determine the amplitude, the
factor C2 should be estimated. This factor has a simple form
in a high-peak limit, which we first consider here. The high-
peak limit of thresholded regions is frequently considered as
an approximation of formation sites of PBHs in the RD epoch
[33]. The number density of the collapsed objects above a
threshold δc is given by
nth(x) =
n¯th
βth0
Θ [δR(x) − δc] , (13)
where Θ(x) is the Heaviside step function,
δR(x) =
∫
d3k
(2pi)3
eik·xδL(k)W(kR), (14)
is the smoothed density contrast with a smoothing radius R,
W(kR) is the window function, n¯th = 〈nth(x)〉 is the mean num-
ber density, and
βth0 ≡ 〈Θ (δR − δc)〉 , (15)
is the production probability. The number density of Eq. (13)
is an example of the local Lagrangian bias, and the renormal-
ized bias in this case is given by (Eq. (89) of Ref. [58])
cLn (k1, . . . , kn) =
1
n¯th
〈
dnnth
dδRn
〉
W(k1R) · · ·W(knR). (16)
Specifically, we have
cLn (k1, . . . , kn) =
βthn
βth0
W(k1R) · · ·W(knR), (17)
where
βthn ≡
〈
δ(n−1)D (δR − δc)
〉
, (18)
and δ(n−1)D (x) = d
n−1δD(x)/dxn−1 = dnΘ(x)/dxn is the (n− 1)th
derivative of the Dirac’s delta function, δD(x) = dΘ(x)/dx.
Up to the lowest order in non-Gaussianity parameters, the
averages of Eqs. (15) and (18) can be estimated with Gaussian
statistics, provided that they are substituted in Eqs. (11) and
(12). Using the variance of the smoothed density contrast,
σ2 ≡
∫
k2dk
2pi2
PL(k)W2(kR), (19)
4we have
βthn =
1√
2piσ
∫ ∞
−∞
dδ e−δ
2/(2σ2)δ(n−1)D (δ − δc)
=
1√
2piσn
Hn−1(ν)e−ν
2/2, (20)
where ν ≡ δc/σ, and Hm(x) = ex2/2(−d/dx)ne−x2/2 is the Her-
mite polynomial. If we define
H−1(x) ≡
√
pi
2
ex
2/2erfc
(
x√
2
)
, (21)
the Eq. (20) holds also in the case of n = 0 [57]. Substituting
Eq. (17) with n = 2 into Eq. (12), we have
C2 =
H1(ν)
H−1(ν)
, (22)
and Eq. (11) reduces to
PPBH(k) =
(
H1(ν)
H−1(ν)
)2
τNL
PL(k)
M2(k)
=
2ν2
pieν2
[
erfc
(
ν√
2
)]−2
τNL
PL(k)
M2(k) , (23)
when the biased objects are identified as PBHs.
The PBH formation in the RD epoch is frequently modeled
by a high-peak limit ν→ ∞ of the thresholded regions. In the
high-peak limit, we have Hm(ν) → νm, including m = −1. In
this limit, we have C2 ' ν2, and Eq. (23) reduces to a simple
expression,
PPBH(k) ' ν4τNL PL(k)M2(k) = ν
4τNLPR(k). (24)
This equation is consistent to the results of Refs. [36, 37]1.
III. INITIAL CLUSTERING OF PBHS FORMED IN A
MATTER-DOMINATED EPOCH IN THE PRESENCE OF
PRIMORDIAL NON-GAUSSIANITY
In the previous section, we found that the dominant con-
tribution in the large-scale limit to the initial power spec-
trum is given by Eq. (11) in the presence of local-type non-
Gaussianity. In that expression, the integral C2 of Eq. (12),
together with non-Gaussianity parameter τNL, determines the
amplitude of the initial power spectrum of PBHs. As noted
in the last section, this integral in the high-peak limit is given
by C2 ' ν2, when the PBH is assumed to form with a condi-
tion, δ ≥ νσ. The high-peak limit is satisfied in a usual as-
sumption that PBH formed in the RD epoch where ν ∼ O(10)
1 The definition of fNL in Ref. [37] corresponds to (3/5) fNL in most of liter-
ature and in this paper.
[33, 34, 37]. However, there is a possibility that the high-
peak limit is not satisfied in the PBH formation. For example,
there are scenarios that the PBHs are formed in a MD epoch
[52, 53], in which case the high-peak limit is not appropriate.
In the PBH formation in a MD epoch, non-spherical effects in
gravitational collapse play a crucial role.
In this section, we apply a model of Refs. [52, 53]. In
the model, the Zel’dovich approximation [55], Thorne’s hoop
conjecture [56], and Doroshkevich’s probability distribution
[69] are combined to predict the PBH formation in a MD
epoch.
A. A model of PBH formation in a MD epoch
We apply a model of Ref. [52] for the PBH formation in a
MD epoch. In this model, the criteria of black hole formation
is given by
h(α, β, γ) ≤ 1, α > 0, (25)
where
h(α, β, γ) =
2
pi
α − γ
α2
E

√
1 −
(
α − β
α − γ
)2 , (26)
and α ≥ β ≥ γ are eigenvalues of inhomogeneous part of de-
formation tensor in the Zel’dovich approximation. They are
eigenvalues of a tensor ϕi j ≡ ∂i∂ jϕ, where ϕ is a normalized
linear potential, 4ϕ = δR, and δR is the smoothed linear den-
sity perturbations with smoothing radius R, and the smoothing
radius corresponds to the mass scale of PBH. The function
E(k) in Eq. (26) is the complete elliptic integral of the second
kind, and is a monotonically decreasing function of 0 ≤ k ≤ 1.
The above criterion is derived by combining the Zel’dovich
approximation [55] and the hoop conjecture [56] for the PBH
formation in the MD epoch. See Ref. [52] for the details of
the derivation of the above condition.
As mentioned in the previous section, we can assume that
each independent component of the deformation tensor in the
Zel’dovich formula obeys Gaussian statistics up to the low-
est order in non-Gaussianity parameters when the factor C2 in
Eq. (12) is evaluated. The probability distribution of α, β, and
γ is given by [69]
w(α, β, γ) =
3355/2
8piσ6
(α − β)(β − γ)(α − γ)
× exp
[
− 3
σ2
(α2 + β2 + γ2) +
3
2σ2
(αβ + βγ + γα)
]
, (27)
where σ2 = 〈δR2〉 is the variance of smoothed linear density
perturbations.
According to the above criteria, the number density of PBH
is given by
nPBH(α, β, γ) =
n¯PBH
β0
Θ(α)Θ
[
1 − h(α, β, γ)] , (28)
5where β0 is the production probability of PBH [52],
β0 =
∫ ∞
0
dα
∫ α
−∞
dβ
∫ β
−∞
dγΘ
[
1 − h(α, β, γ)]w(α, β, γ).
(29)
In Fig. 1, the production probability β0 is plotted as a function
of σ. This figure reproduces the corresponding result of Fig. 1
of Ref. [52]. In Ref. [52], an analytic estimate of the function
β0 of Eq. (29) is given for σ  1. The result is given by
β0 ' 0.05556σ5. (30)
This asymptotic formula is also plotted in Fig. 1.
B. Calculating the renormalized bias functions
In this subsection, we explicitly calculate the renormalized
bias functions of order one and two. The derivation is quite
similar to the one described in Ref. [70], where renormalized
bias functions of peaks are calculated. The derivations are
quite technical and the detailed calculations are given in Ap-
pendices A and B.
The renormalized bias functions cn in general are calculated
by a definition of Eq. (8), which are equivalent to an expres-
sion,
cn(k1, . . . , kn) =
(2pi)3n
n¯PBH
〈
δnnPBH[δL]
δδL(k1) · · · δδL(kn)
〉
, (31)
where nPBH[δL] is a number density of PBHs at any point as a
functional of δL. The number density of Eq. (28) is a function
of a tensor ϕi j, and thus is a functional of linear density field
δL. In Fourier space, relations among variables are given by
δR(k) = W(kR)δL(k), ϕi j(k) = kˆikˆ jW(kR)δL(k), (32)
where kˆ = k/|k|.
The detailed derivation of the renormalized bias functions
of c1 and c2 with our model of Eq. (28) is given in Ap-
pendix A. As a result, the renormalized bias functions up to
second order are given by
c1(k) = bL1W(kR), (33)
c2(k1, k2) =
{
bL2 +
[
3(kˆ1 · kˆ2)2 − 1
]
ωL1
}
W(k1R)W(k2R),
(34)
where bL1 , b
L
2 , ω
L
1 are given by Eqs. (A24)–(A26), with
Eqs. (A23) and (29). The integrals of Eqs. (A24)–(A26) and
(29) can be numerically evaluated in general. The necessary
numerical integrations reduce to virtually 2-dimensional ones
by transformations which are described in Appendix B, and
explicitly given by Eq. (B6) with Eqs. (B5) and (B7).
Using the similar technique of Ref. [52], one can obtain an-
alytic estimates for bL1 , b
L
2 , ω
L
1 given by Eqs. (A24)–(A26) for
σ  1. The details of the derivation is given in Appendix B.
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FIG. 1: Production probability β0 in a model of Ref. [52]. Blue
solid line corresponds to the result of the numerical integration of
Eq. (29), and orange dashed line corresponds to the analytic estimate
of Eq. (30) for σ  1.
The results are
bL1 '
28
√
2
32 · 7√piσ '
3.242
σ
, (35)
bL2 '
10
σ2
, (36)
ωL1 ' −
5
2σ2
. (37)
Comparing these expressions with Fig. 8 in Appendix B, the
power-law behaviors of the bias coefficients for σ . 0.1 are
accurately explained by the above asymptotic formula.
C. The initial PBH power spectrum with primordial
non-Gaussianity
Eqs. (33) and (34) are the renormalized bias functions
that we need for evaluating the effects of primordial non-
Gaussianity in the initial PBH power spectrum at the lowest
order. From Eq. (34), we have c2(p,−p) = (bL2 +2ωL1 )W2(pR).
Substituting this form into Eq. (12), the integral C2 is calcu-
lated to be
C2 =
(
bL2 + 2ω
L
1
)
σ2. (38)
Thereby, Eq. (11) reduces to
PPBH(k) ' τNL
(
bL2 + 2ω
L
1
)2
σ4
PL(k)
M2(k) . (39)
This is a main result of this paper. In Fig. 2, the result of
the numerical integrations for C2 (without effects of angular
momentum) is plotted. In the case of σ  1, substituting
Eqs. (36) and (37) into Eq. (38) gives C2 ' 5, and we have
PPBH(k) ' 25τNL PL(k)M2(k) = 25τNLPR(k). (40)
610
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FIG. 2: The integral C2 of Eq. (38) in the model of Ref. [52]. Blue
solid line: the result of the numerical integrations. Orange dashed
line: asymptotic formula C2 = 5 for σ  1.
Interestingly, the analytic estimate of Eq. (40) corresponds to
the formula of high-peak limit, Eq. (24) with ν =
√
5. How-
ever this does not imply the PBH formation at MD epoch cor-
responds to the density peaks of this height, because bL1 ,√
5/σ. The asymptotic formula of Eq. (40) is accurately ap-
plicable for σ . 0.01, as one can see from Fig. 2. If only
the 10% accuracy required, the same formula is applicable for
σ . 0.1.
D. Effects of angular momentum
In Ref. [53], the model of Ref. [52] is extended to include
the effect of rotation, which turns out to play important roles
in the formation of PBHs. The effect of angular momentum
in the formation of PBH in the MD epoch exponentially sup-
presses the amplitude of β0 for small values of σ [53]. Ac-
cording to the Ref. [53], the effect of the angular momentum
can be taken into account by changing the number density of
PBH of Eq. (28) to
nPBH(α, β, γ)
=
n¯PBH
β′0
Θ(α)Θ (α + β + γ − δth) Θ [1 − h(α, β, γ)] , (41)
where
β′0 =
∫ ∞
0
dα
∫ α
−∞
dβ
∫ β
−∞
dγΘ (α + β + γ − δth)
× Θ [1 − h(α, β, γ)]w(α, β, γ), (42)
and δth is the density threshold above which the Kerr bound
L ≤ GM2/c is satisfied, where L and M are angular momen-
tum and mass of the black hole, respectively. This bound is
required in order to have a black hole at the center of Kerr
metric.
There is an ambiguity in the model on initial quadrupole
moment of the mass, which is parameterized by q in Ref. [53].
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FIG. 3: The production probability of PBH with effects of angular
momentum in the model of Ref. [53]. Blue solid line: second-order
case with δth(2). Orange dashed line: first-order case with δth(1). Green
dotted line: the asymptotic formula of σ  1 without the effects of
angular momentum.
There are two cases which are considered in this reference,
δth(1) ≡ 12125q
2, δth(2) ≡
(
2
5
Iσ
)2/3
, (43)
where I is another parameter of order unity which charac-
terizes the variance of angular momentum (see Ref. [53] for
explicit definitions of parameters q and I). In the following
calculation, we assume q =
√
2 and I = 1 to match Fig. 5
of Ref. [53]. We ignore the effect of finite duration of the
MD epoch. The two thresholds, δth(1) and δth(2), are called first
and second order, respectively. In Ref. [53], it is suggested
that the second-order case is relatively realistic in practice.
In Eqs. (41) and (42), the extra factor Θ(α + β + γ − δth) is
inserted in the integrals of Eqs. (28) and (29). The numerical
calculations of the bias parameters bL1 , b
L
2 and ω
L
1 are similarly
possible as in the case of previous subsections. In practice,
the function z∗(t, u) in Eqs. (B5) and (B7) is substituted by
z∗(t, u)→ z0(t, u) ≡ max[z∗(t, u), zth(t)], where zth ≡ δth/(3t).
In Fig. 3, the production probability of PBH with effects of
angular momentum is plotted. This figure reproduces the cor-
responding result of Fig. 5 of Ref. [53]. The second-order case
is approximately described by the asymptotic formula without
the effects of angular momentum in 0.005 . σ . 0.1.
In Fig. 4, the result of the numerical integrations for C2
with the effects of angular momentum is plotted. Comparing
it with Fig. 2, the effects of angular momentum is significant in
σ . 0.01 for the second-order case, and σ . 0.1 for the first-
order case, respectively. Substituting the calculated values of
C2 into Eq. (11), we obtain the estimate of PPBH(k) with the
effects of angular momentum.
The behaviors of the parameters bL1 , b
L
2 , and ω
L
1 in σ 
δth  1 can also be explained by considering the asymptotic
limit of the integrals. They are given in the second subsection
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FIG. 4: The integral C2 of Eq. (38) in the model of Ref. [53]. Blue
solid line: the result of the numerical integrations in the second-
order case. Green dashed line: asymptotic formula for σ  1 in
the second-order case. Orange solid line: the result in the first-order
case. Orange dashed line: asymptotic formula for σ  1 in the first-
order case. Purple dotted line: asymptotic formula C2 = 5 for σ  1
without the effects of angular momentum.
of Appendix B, and the results are
bL1 '
δth
σ2
, (44)
bL2 '
δth
2
σ4
, (45)
ωL1 ' 0.03400
δth
4
σ4
− 5
2σ2
. (46)
These asymptotic formulas explain the results of numerical
integration forσ  1 fairly well. From the above, the Eq. (38)
in the limit of σ  δth  1 is dominated by bL2 and is given
by
C2 ' δth
2
σ2
. (47)
In the regime where the above approximation applies, we have
PPBH(k) ' τNL
(
δth
σ
)4 PL(k)
M2(k) = τNL
(
δth
σ
)4
PR(k). (48)
Identifying δth/σ = ν, the above expression is similar to the
formula of high-peak limit, Eq. (24), although δth generally
depends on σ in this case.
One should note that the production probability β0 is expo-
nentially suppressed in this regime, and the number density of
PBHs is extremely small when the above approximation ap-
plies. In fact, β0 is required to be roughly O(10−15)–O(10−10)
depending on the mass of PBHs [1]2 in order for PBHs to be
a relevant component in dark matter (DM). As can be seen in
2 Ref. [1] focused on the PBHs formed during a RD epoch, in which ΩPBH ∼
a1, and hence one should be careful when applying the result in Ref. [1] to
PBHs formed in a MD epoch, in which ΩPBH ∼ a0.
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FIG. 5: The integral C2 of Eq. (38) in the model of Ref. [53] as
a function of β0. Blue solid line is for the second-order case. The
orange dashed line corresponds to the first-order case. The green
dotted line represents the case for the PBH formation in the RD epoch
calculated by Eqs. (20) and (22).
Fig. 5 in the second-order case (blue solid line), C2 is about
5–10 for the above range of production probability β0. As we
have mentioned above, there is an ambiguity for taking the
effect of the angular momentum into account. Since the PBH
power spectrum is proportional toC22, we considerC2 = 5 for
the PBHs formed in MD epoch as a conservative value for the
amplitude of the power spectrum in the following discussion.
More precise discussion is given in Appendix C, taking into
account the dependence of C2 on σ (or equivalently on β0).
IV. OBSERVATIONAL IMPLICATIONS
In the previous sections, we obtain the theoretical power
spectrum of PBHs which is formed in a MD epoch in the
presence of local-type non-Gaussianity. Whether or not this
signal has any observable effect is another issue, which we
consider in this section. We first estimate the effect of shot
noise for possible candidates of PBHs which are connected
to observations. Next, we consider the isocurvature fluctua-
tions produced by the PBHs, which can place constraints on
the model by comparing with observations of CMB.
A. The shot-noise contribution
When the produced number of PBHs is too small, their ac-
tual power spectrum does not necessarily follow the theoreti-
cal prediction because of randomness in the position of each
object, or, the Poisson shot noise effect. Before we conclude
the PBH power spectrum estimated in the previous section
is physically meaningful, we have to compare them with the
power spectrum of shot noise. The shot-noise contribution to
the power spectrum is given by
PSN(k) =
1
n¯PBH
, (49)
8where n¯PBH is the mean number density of PBHs estimated to
be
n¯PBH =
3H20
8piG
ΩCDM
fPBH
MPBH
= 3 × 1022 Mpc−3
(
ΩCDMh2
0.12
) (
fPBH
1
) (
MPBH
10−12M
)−1
.
(50)
Here H0 = 100 h km/s/Mpc is the Hubble constant, ΩCDM is
the energy density fraction of cold dark matter, fPBH is the rel-
ative ratio of the energy density of PBHs to those of total dark
matter, and MPBH is the mass of PBHs. Thus, the shot-noise
contribution can be expressed in terms of fPBH and MPBH, as
PSN = 3 × 10−23 Mpc3
(
ΩCDMh2
0.12
)−1 ( fPBH
1
)−1 ( MPBH
10−12M
)
.
(51)
Note that the magnitude of the shot noise is determined by the
combination MPBH/ fPBH. This contribution behaves as matter
isocurvature fluctuations with blue-tilt in terms of dimension-
less power spectrum P(k) ≡ k3P(k)/(2pi2), and it would affect
the formation of structures on small scales. Based on this fact,
one can place a constraint on the abundance fPBH of PBHs
by using observations of structures on small scales, such as
Lyman-α forest [71] and future 21cm observations [72].
In Fig. 6, the shot-noise contributions given by Eq. (51)
are compared with initial PBH power spectra with the pri-
mordial non-Gaussianity given by Eq. (40). Even though the
assumed value C2 = 5 corresponds to the asymptotic value
without the effects of angular momentum, this gives the lower
limit of the power spectrum with the effects of angular mo-
mentum, since C2 > 5 in the latter case. Here we assume
PR(k) = Askns−1 with As = 2.101 × 10−9 and ns = 0.9649 [73]
for k . 103 Mpc−1. The initial PBH power spectrum only
depends on the value of τNL as seen from Eq. (40). In this
figure, we show the power spectrum with multiple choices
of τNL = 102 (purple) , 10−1 (blue) , and 10−4 (dark cyan) .
For the shot-noise contributions, we consider typical values
of MPBH/ fPBH = 10−12M, 10−3M, 104.5M, and 1010M.
These values correspond to the cases of all the dark matter
(“DM”: light green, MPBH = 10−12M, fPBH = 1) [74], ex-
cess events of OGLE observations (“OGLE”: dark yellow,
MPBH = 10−5M, fPBH = 10−2) [11, 75, 76], the origin of
binary black holes leading to the gravitational-wave events
of LIGO/Virgo (“LIGO/Virgo”: orange, MPBH = 101.5M,
fPBH = 10−3) [2, 4, 5], and the seeds of supermassive black
holes (“SMBH”: red, MPBH = 103.5M, fPBH = 10−6.5) [12–
14], respectively. These are just benchmark points, and the
actual allowed region of MPBH is not a point but a band. Also,
the favored region for MPBH and fPBH has a large uncertainty.
However, we are not particularly interested in these issues
here.
Note also that for the PBH production in the early MD
epoch, the “SMBH” case requires a reheating temperature too
low to be consistent with big-bang nucleosynthesis [44] (see
also Refs. [45–49]). The reason why we nevertheless show
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FIG. 6: Comparison of the initial PBH power spectrum induced
by primordial non-Gaussianity during MD epoch [Eq. (40)] (oblique
lines) with the shot noise contribution [Eq. (51)] (horizontal lines)
as a function of wave number k. The assumed typical values of
MPBH/(M fPBH) for “DM”, “OGLE”, “LIGO/Virgo”, and “SMBH”
are 10−12, 10−3, 104.5, and 1010, respectively. Note that the “SMBH”
case is irrelevant for PBH production in a MD epoch, but it is never-
theless shown because the figure is applicable to the case of the RD
epoch (high-peak limit) by the replacement of the normalization of
the oblique lines, 25→ ν4.
the typical line corresponding to this case in Fig. 6 is because
these results are also applicable to the case of PBH production
in the RD epoch after making the replacement 25→ ν4 for the
magnitude of the PBH power spectrum (the high-peak limit is
assumed). When the mass of PBHs is less than 107 M, the
threshold value for the production of PBHs in the RD epoch
is given by ν4 & 400 [37]. In this case, the amplitude of the
PBH power spectrum in the Fig. 6 is 16 times larger than the
plotted lines.
In Fig. 6, we see that the shot-noise contribution becomes
relatively unimportant on large scales because of the scale-
dependence of the initial PBH power spectrum ∼ kns−3. Also,
for “DM” or “OGLE”, the shot noise is completely negligible
for the scales of CMB and the large scale structure.
B. Constraints from isocurvature mode in CMB
The initial clustering of primordial black holes induced
from the primordial non-Gaussianity would be observed as
isocurvature perturbations. The isocurvature perturbations are
well constrained by CMB, and thus the abundance of PBHs
fPBH or the magnitude of τNL is constrained as well.
The PBH isocurvature perturbations are given by
IPBH = δPBH − δ1 + w, (52)
where δPBH is the density contrast of PBHs, δ is the density
contrast of the dominant component of the universe which
turns into radiation component in the RD epoch, and w is the
9equation-of-state parameter of the latter component. On co-
moving slices, from Eq. (6), the density contrast of the dom-
inant component of the universe must be much suppressed
by k2 in M(k) in the large scale limit. Here, we consider
the PBH isocurvature perturbations at CMB scales which are
much larger than the PBH formation scale and hence the PBH
isocurvature perturbations are simply given by IPBH = δPBH
where δ is negligible on large scales.
Planck collaboration gives a constraint on the total CDM
isocurvature perturbations, and thus, if the PBHs exist as a
DM component with the fraction, fPBH, the power spectrum
of the total CDM isocurvature perturbations can be given as
PII(k) = f 2PBHPPBH(k), (53)
where we have assumed that the other DM components do not
have any isocurvature perturbations. Substituting Eq. (11) into
the above expression, the power spectrum of CDM isocurva-
ture perturbation is given by
PII(k) = C22 fPBH2τNLPR(k). (54)
The above equation holds for PBH formation both in RD
(C2 = ν2) [37] and MD (C2 ≥ 5) epochs.
The constraint on the CDM isocurvature perturbations (for
correlated case) placed by Planck 2018 [73] is given by
PII/PR . 10−3 on CMB scales. Applying this constraint to
our result, we obtain an upper bound on fPBH depending on
the value of τNL as follows,
fPBH <
3 × 10−2
C2
√
τNL
. (55)
In the limit of τNL → 0, the isocurvature upper bound on
fPBH disappears, which is consistent with the understanding
that it is non-Gaussianity that induces the PBH isocurvature
perturbations.
The above constraint can be rewritten as fPBH
√
τNL <
3 × 10−2/C2, which is an upper bound on the combination
fPBH
√
τNL given the value of C2, which in turn depends on β0.
This is shown in Fig. 7 in the case of PBH production in a MD
epoch. The shaded region is excluded by the isocurvature con-
straint (the blue line corresponding to the second-order case).
The first-order constraint is also shown by the orange dashed
line. Actually, fPBH (present abundance) itself depends lin-
early on β0 (initial abundance) (see e.g. Refs. [77, 78]),
fPBH ≡ ρPBH
ρCDM
=
g∗(T )g∗,s(Teq)T
g∗(Teq)g∗,s(T )Teq
γβ0
Ωm
ΩCDM
, (56)
where g∗(T ) and g∗,s(T ) are the effective relativistic degrees
of freedom for energy density and entropy3, respectively, Teq
is the temperature at the matter-radiation equality, γ (≈ 0.2 in
3 We use precise functions of g∗(T ) and g∗,s(T ) provided by Ref. [79].
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FIG. 7: Upper bounds on fPBH
√
τNL as a function of β0 in the case
of PBH production in a MD epoch by the second-order mechanism
(blue solid line) and by the first-order mechanism (orange dashed
line). Three examples of fPBH
√
τNL are plotted as functions of β0:
TR = 10−2 GeV (Green line), 102 GeV (red line), and 106 GeV (pur-
ple line) with τNL = 10−2 for all cases.
the RD epoch [15]) is an efficiency parameter parameterizing
how much fraction of the horizon mass goes into the PBH,
and Ωm is the energy density fraction of total matter. The
above expression should be evaluated at the temperature when
the scale that becomes PBHs enters the horizon in the case of
PBH production in the RD epoch or at the reheating temper-
ature in the case of PBH production in the early MD epoch
[78, 80]. The efficiency parameter in the early MD epoch has
some uncertainty and we assume γ = 1 following Ref. [78].
Using this relation, example lines of fPBH
√
τNL are shown in
the same figure for TR = 10−2 GeV (green line), 102 GeV (red
line), and 106 GeV (purple line) with τNL = 10−2. The inter-
section of such a line and the constraint curve gives the upper
bound on fPBH given the values of TR and τNL. These lines are
drawn from numerical solutions as explained in Appendix C.
Unless σ is too large, the value of C2 is always larger than
5 regardless of uncertainty in estimating the effect of angular
momentum. In the case of PBH formation in the RD epoch,
the value of C2 is much larger than 5. Therefore, one can con-
clude that the bound C2 ≥ 5 is conservatively satisfied both in
the PBH formation both in RD and MD epochs. Combining
this bound with Eq. (55), we have a conservative upper bound,
fPBH
√
τNL < 6 × 10−3. (57)
If we only consider the PBH formation in the RD epoch, C2 &
20, the upper bound becomes smaller, fPBH
√
τNL < 2 × 10−3.
In either case, the order of magnitude of the upper bounds is
not significantly different.
It is remarkable that the possibility of PBHs being all of the
dark matter ( fPBH = 1) can be excluded by the isocurvature
constraint for τNL & 4×10−5 (MD,C2 ≥ 5) and τNL & 3×10−6
(RD, C2 & 20). In other words, the hypothesis of all the dark
matter places a conservative upper bound on τNL, irrespective
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of the formation epoch,
τNL < 4 × 10−5 (100% PBH dark matter). (58)
V. CONCLUSIONS
In this paper, we derive a general prediction of the initial
clustering of PBHs in the presence of the parameter τNL of
local-type primordial non-Gaussianity. Using the formalism
of iPT, we generally have Eq. (11), which is the prediction of
the large-scale power spectrum in the presence of τNL. In the
case of PBHs, the result is given by PPBH(k) ' τNLC22PR(k)
for k  R−1, where R is the initial radius of proto-PBHs with
mass M ∼ 4piR3/3 up to the efficiency parameter. Evaluat-
ing the integral C2 in the high-peak limit, the linear power
spectrum of PBH formed in RD epoch is given by Eq. (24),
which is consistent to the previous work [36, 37]. In the
case of PBHs formed in a MD epoch, we adopt a model
of Refs. [52, 53] and evaluate the initial power spectrum of
PBHs.
The integral C2 is a decisive factor for the amplitude of ini-
tial clustering of PBHs in the presence of τNL. For the thresh-
olded regions, it is given byC2 = H1(ν)/H−1(ν), and this result
reduces to C2 = ν2 in the high-peak limit ν  1. In the case
of PBHs formed in a MD epoch, the integral can be numeri-
cally evaluated. In the regime where the effects of angular mo-
mentum are neglected, we have an analytic estimate C2 ' 5
for σ  1. In the regime where the angular momentum is
important, we have another analytic estimate C2 ' (δth/σ)2,
where δth is given by Eq. (43). In general, one can evaluate the
value of C2 by numerical integrations. The results are given in
Figs. 2 and 4 without and with effects of angular momentum,
respectively.
Because of the ∼ kns−4 ∼ k−3 scaling of the PBH power
spectrum from the primordial non-Gaussianity, the shot-noise
contributions are relatively unimportant on large scales, unless
the mass of PBHs is extremely large and the number density
of PBHs are extremely small.
The clustering of PBHs produces the isocurvature perturba-
tions in the early universe. The isocurvature power spectrum
is proportional to C22 fPBH2τNL. Putting C5 = 5 as a conser-
vative value, the current constraint by Planck satellite gives
an upper bound, fPBH
√
τNL < 6 × 10−3. On one hand, unless
the non-Gaussianity parameter τNL is smaller than ∼ 4×10−5,
the hypothesis that all the dark matter is made of PBHs is ex-
cluded. On the other hand, if all the dark matter is made of
PBHs, the parameter τNL of the primordial non-Gaussianity
should be smaller than 4 × 10−4.
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Appendix A: Derivation of renormalized bias functions
In this Appendix, we derive the renormalized bias functions c1 and c2 in our model of the number density nPBH. This number
density nPBH is a function of a finite number of variables, ϕi j. In this case, the renormalized bias function of Eq. (31) reduces to
[58]
cn(k1, . . . , kn) =
1
n¯PBH
∑
a1,...,an
〈
∂nnPBH
∂ya1 · · · ∂yan
〉
Ua1 (k1) · · ·Uan (kn), (A1)
where
(ya) = (ϕ11, ϕ22, ϕ33, ϕ12, ϕ23, ϕ13) , (A2)
(Ua) = W(kR)
(
kˆ21, kˆ
2
2, kˆ
2
3, kˆ1kˆ2, kˆ2kˆ3, kˆ1kˆ3
)
, (A3)
and kˆi = ki/k is the ith component of k/k. With the above definition, we have a relation, ya(k) = Ua(k)δL(k). We define an
operator
D(k) ≡ W(kR)kˆikˆ j ∂
∂ϕi j
, (A4)
where repeated indices are summed over, and partial derivatives are taken as if ϕi j and ϕ ji are independent variables (because of
the reason described in Ref. [70], nPBH can contain ϕ ji with i > j, provided that ϕ ji = ϕi j). With this operator, Eq. (A1) reduces
to [70]
cn(k1, . . . , kn) =
1
n¯PBH
〈D(k1) · · · D(kn)nPBH〉 = (−1)
n
n¯PBH
∫
d6y nPBH(y)D(k1) · · · D(kn)P(y), (A5)
where P(y) is a joint probability distribution function of y = (ya).
In the presence of initial non-Gaussianity, the probability distribution function P is not strictly multivariate Gaussian. How-
ever, as the lowest-order non-Gaussianity is concerned in Eq. (11), it is sufficient to use the renormalized bias function derived
from the Gaussian distribution function. Evaluation of the renormalized bias functions of Eq. (A5) can be performed in a similar
method to that developed in Ref. [70]. The Gaussian distribution function is given by
P(y) = 1√
(2pi)6 detM
exp
(
−1
2
yTM−1y
)
, (A6)
where
Mab = 〈yayb〉 =
∫
d3k
(2pi)3
U∗a(k)Ub(k)PL(k), (A7)
is the covariance matrix, and PL(k) is the linear power spectrum of the density perturbations. The elements of covariance matrix
are given by
〈
ϕi jϕkl
〉
=
∫
d3k
(2pi)3
kˆikˆ jkˆkkˆlW2(kR)PL(k) =
σ2
15
(
δi jδkl + δikδ jl + δilδ jk
)
. (A8)
The joint probability distribution function P(y) depends only on rotationally invariant quantities [81, 82]. They are
J1 ≡ 1
σ
ϕii, J2 ≡ 32σ2 ϕ˜i jϕ˜ ji, J3 =
9
2σ3
ϕ˜i jϕ˜ jkϕ˜ki, (A9)
where
ϕ˜i j ≡ ϕi j − σ3 δi jJ1, (A10)
is the traceless part of ϕi j. With the invariant variables of Eq. (A9), the distribution function of Eq. (A6) reduces to [82]
P(y) ∝ exp
(
−1
2
J12 − 52 J2
)
, (A11)
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up to the normalization factor.
Using relations,
∂J1
∂ϕi j
=
1
σ
δi j,
∂J2
∂ϕi j
=
3
σ2
ϕ˜ ji,
∂ϕ˜kl
∂ϕi j
= δikδ jl − 13δi jδkl, (A12)
the second-order derivatives are given by
∂
∂ϕi j
P =
[
δi j
σ
∂
∂J1
+
3ϕ˜i j
σ2
∂
∂J2
]
P, (A13)
∂2
∂ϕi j∂ϕkl
P =
[
δi jδkl
σ2
∂2
∂J12
− 3
σ3
(
δi jϕ˜kl + δklϕ˜i j
) ∂2
∂J1∂J2
+
9ϕ˜i jϕ˜kl
σ4
∂2
∂J22
+
3δikδ jl − δi jδkl
σ2
∂
∂J2
]
P. (A14)
In calculating Eq. (A5), one notices that the number density nPBH and the distribution function P depend only on rotationally
invariant variables. Thus we can first average over the angular dependence in the product of operators D(k). Denoting the
angular average by 〈· · · 〉Ω, Eq. (A5) reduces to
cn(k1, . . . , kn) =
(−1)n
n¯PBH
∫
d6y nPBH(y) 〈D(k1) · · · D(kn)P(y)〉Ω . (A15)
Using relations, 〈
ϕ˜i j
〉
Ω
= 0,
〈
ϕ˜i jϕ˜kl
〉
Ω
=
σ2
15
(
δikδ jl + δilδ jk − 23δi jδkl
)
J2, (A16)
the angular averages in the integrand of Eq. (A15) for n = 1, 2 are given by
〈D(k)P〉Ω = W(kR)σ
∂
∂J1
P = −W(kR)
σ
J1P, (A17)
〈D(k1)D(k2)P〉Ω = W(k1R)W(k2R)σ2
{
∂2
∂J12
+
[
3(kˆ1 · kˆ2)2 − 1
] (
1 +
2
5
J2
∂
∂J2
)
∂
∂J2
}
P
=
W(k1R)W(k2R)
σ2
{
J12 − 1 +
[
3(kˆ1 · kˆ2)2 − 1
] 5
2
(J2 − 1)
}
P. (A18)
Substituting Eqs. (A17) and (A18) into Eq. (A15), the first- and second-order renormalized bias functions are derived as
c1(k) = bL1W(kR), (A19)
c2(k1, k2) =
{
bL2 +
[
3(kˆ1 · kˆ2)2 − 1
]
ωL1
}
W(k1R)W(k2R), (A20)
where
bL1 ≡
1
σn¯PBH
〈J1nPBH〉 , bL2 ≡
1
σ2n¯PBH
〈(
J12 − 1
)
nPBH
〉
, ωL1 ≡
1
σ2n¯PBH
〈
5
2
(J2 − 1) nPBH
〉
, (A21)
and 〈· · · 〉 = ∫ d6y · · · P(y). General definitions of bLn and ωLl are given by [70]
bLn ≡
1
σnn¯PBH
〈Hn (J1) nPBH〉 , ωl ≡ (−1)
l
σ2ln¯PBH
〈
L(3/2)l
(
5
2
J2
)
nPBH
〉
, (A22)
where Hn(x) is the Hermite polynomial and L
(α)
l (x) is the generalized Laguerre polynomial.
The variables J1 and J2, which are defined by Eq. (A9), are represented by eigenvalues of ϕi j as
J1(α, β, γ) =
α + β + γ
σ
, J2(α, β, γ) =
α2 + β2 + γ2 − αβ − βγ − γα
σ2
. (A23)
Using the distribution function w(α, β, γ) of Eq. (27), Eq. (A21) reduces to
bL1 ≡
1
σβ0
∫ ∞
0
dα
∫ α
−∞
dβ
∫ β
−∞
dγJ1(α, β, γ)Θ
[
1 − h(α, β, γ)]w(α, β, γ), (A24)
bL2 ≡
1
σ2β0
∫ ∞
0
dα
∫ α
−∞
dβ
∫ β
−∞
dγ
[
J1(α, β, γ)
]2
Θ
[
1 − h(α, β, γ)]w(α, β, γ) − 1
σ2
, (A25)
ωL1 ≡
5
2σ2β0
∫ ∞
0
dα
∫ α
−∞
dβ
∫ β
−∞
dγJ2(α, β, γ)Θ
[
1 − h(α, β, γ)]w(α, β, γ) − 5
2σ2
. (A26)
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Appendix B: Analytic estimates of renormalized bias functions
In this Appendix, the 3-dimensional integrations of the previous Appendix are reduced to 2-dimensional integrals. After that,
analytic estimates for the coefficients bL1 , b
L
2 and ω
L
1 of Eqs. (A24)–(A26) are derived in a limit of σ  1. Analytic estimates
with the effects of angular momentum are also presented.
1. Without the effects of angular momentum
According to Ref. [52], it is useful to define new variables,
t =
2
3
α + β + γ
α − γ , u =
1
2
α − 2β + γ
α − γ , z =
α − γ
2
. (B1)
The domain of integration, α > β > γ, α > 0 in Eqs. (A24)–(A26) corresponds to −1/2 < u < 1/2, t > −(1 + 2u/3) and z > 0.
The condition h(α, β, γ) < 1 is equivalent to
z > z∗(t, u) ≡ 4
pi
(
t +
2
3
u + 1
)−2
E

√
1 −
(
u +
1
2
)2 . (B2)
With new variables, we have
w(α, β, γ)dα dβ dγ =
33 · 55/2
piσ6
(1 + 2u)(1 − 2u)z5e−A(t,u)z2dt du dz, (B3)
where
A(t, u) ≡ 1
σ2
(
9
2
t2 + 10u2 +
15
2
)
. (B4)
Defining the integrals,
Inml ≡
∫ 1/2
−1/2
du(1 − 2u)(1 + 2u)un
∫ ∞
−(1+2u/3)
dt (3t)m
∫ ∞
z∗(t,u)
dz zl+5e−A(t,u)z
2
, (B5)
Eqs. (29), (A24)–(A26) reduce to
β0 =
33 · 55/2
piσ6
I000, bL1 =
I011
σ2I000
, bL2 =
1
σ2
(
I022
σ2I000
− 1
)
, ωL1 =
5
2σ2
(
4I202 + 3I002
σ2I000
− 1
)
. (B6)
These expressions are exact transformation of the original integrals, Eqs. (29), (A24)–(A26), without any approximation. The
last integral over z in Eq. (B5) can be analytically evaluated as∫ ∞
z∗(t,u)
dz zl+5e−Az
2
= A−(l+6)/2
∫ ∞
√
Az∗
dr rl+5e−r
2
=
1
2
A−(l+6)/2Γ
(
l
2
+ 3, Az∗2
)
, (B7)
where Γ(x) is the gamma function.
Next, we derive the analytic estimates of the integrals of Eq. (B5) in a limit σ  1. In this limit, the integral over t is
dominantly contributed by a region t & σ−1, since the contribution from t . σ−1 is exponentially suppressed [52]. Therefore,
the dominant contribution comes from t & σ−1  1, and in this region we have A ' 9t2/(2σ2), z∗ ' 4E/(pit2), and Az∗2 '
72E2/(pi2σ2t2). The lower limit −(1 + 2u/3) of the integral over t can be replaced by 0 because t  1. Introducing variables
s = 6
√
2E/(piσt) (with u fixed) and r =
√
Az (with t, u fixed), the last two integrals in Eq. (B5) is approximately given by∫ ∞
−(1+2u/3)
dt (3t)m
∫ ∞
z∗(t,u)
dz zl+5e−A(t,u)z
2 ' (2σ
2)l/2+3
3l−m+6
(
piσ
6
√
2E
)l−m+5 ∫ ∞
0
ds sl−m+4
∫ ∞
s
dr rl+5e−r
2
, (B8)
where the argument of the elliptic integral E is the same as in Eq. (B2). Using a partial integration, the above integral reduces to
an analytic form with a gamma function. As a result, Eq. (B5) in the case of σ  1 is given by
Inml ' Γ(l − m/2 + 11/2)l − m + 5 2
−l+3m/2−9/2 · 3−2l+2m−12pil−m+5σ2l−m+11 3
2
∫ 1/2
−1/2
du(1 − 2u)(1 + 2u)unE−l+m−5. (B9)
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FIG. 8: Bias coefficients bL1 (blue solid line), b
L
2 (orange dashed
line), and ωL1 (green dotted line) in the model of Ref. [52]. The
parameter ωL1 is negative except for σ & 0.65.
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FIG. 9: The bias coefficient bL1 for second-order case (blue solid
line), first-order case (orange dashed line) and the asymptotic
formula of σ  1 without the effects of angular momentum
(green dotted line).
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FIG. 11: Same as in Fig. 9 but for the bias coefficient ωL1 .
Substituting Eq. (B9) into Eq. (B6), we have
β0 ' 5
3 · 7pi9/2
29 · 36 √10 E¯
−5σ5 ' 0.05556σ5, (B10)
where
E¯−5 ≡ 3
2
∫ 1/2
−1/2
du(1 − 2u)(1 + 2u)E−5, (B11)
which is already known in Ref. [52]. Substituting Eq. (B9) into Eq. (B6), we have
bL1 '
28
√
2
32 · 7√piσ '
3.242
σ
, bL2 '
10
σ2
, ωL1 ' −
5
2σ2
, (B12)
where only dominant terms of σ  1 are retained.
In Fig. 8, the bias coefficients bL1 , b
L
2 , and ω
L
1 as functions of σ are plotted. Numerical integrations are performed by Eq. (B6)
with Eqs. (B5) and (B7). These coefficients for σ . 0.1 have power-law shapes, which are well described by Eq. (B12).
2. Effects of angular momentum
We briefly give the analytic estimates including the effects of angular momentum. In this case, the integrands of Eqs. (29)
and (A24)–(A26) are multiplied by a factor Θ(α + β + γ − δth). The function z∗(t, u) in Eqs. (B5) and (B7) is substituted by
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FIG. 12: Upper bound on fPBH
√
τNL as a function of β0 in the case of PBH production in a RD epoch (blue curve). Four examples of fPBH
√
τNL
are plotted as functions of β0 with the same color coding as those in Fig. 6: MPBH/M = 10−12 (green; DM), 10−5 (dark yellow; OGLE), 101.5
(orange), and 103.5 (red; SMBH).
z∗(t, u) → z0(t, u) ≡ max[z∗(t, u), zth(t)], where zth ≡ δth/(3t). Extending the derivation of the previous subsection, and using the
similar considerations of Ref. [53], one can derive
Inml ' 2
−2l+2m−9 · 3−2l+2m−12pil−m+5
l − m + 5 δth
2l−m+9σ2e−δ
2
th/2σ
2 3
2
∫ 1/2
−1/2
du(1 − 2u)(1 + 2u)unE−l+m−5, (B13)
for σ  δth  1. Substituting the above equation into Eq. (B6), we finally have
β0 ' 5
3/2pi4
29 · 39 E¯
−5 δth
9
σ4
exp
(
− δth
2
2σ2
)
' 4.691 × 10−5 δth
9
σ4
exp
(
− δth
2
2σ2
)
, (B14)
bL1 '
δth
σ2
, bL2 '
δth
2
σ4
, ωL1 ' 0.03400
δth
4
σ4
− 5
2σ2
. (B15)
The Eq. (B14) agrees with a result of Ref. [53].
In Figs. 9, 10 and 11, the results of numerical integrations for bias coefficients bL1 , b
L
2 , and ω
L
1 are plotted, respectively. It is
difficult to accurately evaluate the numerical integrations of the first-order case for σ . 0.007, where the production probability
is significantly suppressed, and the lines are artificially connected to asymptotic formulas, Eqs. (B15). In the second-order case,
the effects of angular momentum are small for σ & 0.01.
Appendix C: More precise discussion on the observational constraints
In the main text, we have just used C2 & 20 and C2 ≥ 5 to place constraints in the RD case and the MD case, respectively.
More precisely, C2 depends nonlinearly on the production probability β0, while fPBH itself depends linearly on β0. We have
already seen in Fig. 7 that the upper bound on fPBH
√
τNL has a nontrivial shape as a function of β0 in the case of PBH production
in the MD epoch. The counterpart in the RD epoch is shown in Fig. 12.
Thus, the constraint (55) is a nonlinear constraint on β0 depending on τNL and the temperature at which the scale corresponding
to the PBH mass MPBH enters the horizon (RD case), or the reheating temperature TR (MD case). We can obtain upper bounds
on fPBH as a function of MPBH (RD) or TR (MD) for fixed τNL and as a function of τNL for fixed MPBH (RD) or TR (MD).
In the case of PBH production in a RD epoch, an essentially same upper bound on fPBH(MPBH) for fixed fNL (instead of τNL)
is given in Fig. 2 of Ref. [37]. For self completeness and with an updated Planck data, we show a similar upper bound on
fPBH(MPBH) for some choices of τNL in Fig. 13. The fact that the mass dependence is weak is also shown in Fig 14, in which the
upper bound is shown as a function of τNL for fixed masses. To obtain these figures, we solved the relation between C2 and β0
using Eqs. (20) and (22).
In the case of PBH production in a MD epoch, the isocurvature constraint on fPBH is given in terms of TR instead of MPBH.
This is shown in Fig. 15. The constraint as a function of τNL for fixed TR is shown in Fig. 16. To obtain these figures, the
relations between C2 and β0 were numerically solved using results in the main text as shown in Fig. 5.
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FIG. 13: Upper bounds on fPBH as a function of MPBH for τNL =
10−4 (blue line), 10−1 (orange line), and 102 (green line) in the
case of PBH production in a RD epoch.
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FIG. 14: Upper bounds on fPBH as a function of τNL for
MPBH/M = 10−12 (green; DM), 10−5 (dark yellow; OGLE),
101.5 (orange; LIGO/Virgo), and 103.5 (red; SMBH) in the case
of PBH production in a RD epoch.
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FIG. 15: Upper bounds on fPBH as a function of TR for
τNL = 10−4 (blue lines), 10−1 (orange lines), and 102 (green
lines) in the case of PBH production in a MD epoch. The solid
(dashed) lines are based on the second-order (first-order) pro-
duction mechanism.
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FIG. 16: Upper bounds on fPBH as a function of τNL for TR =
10−2 GeV (blue lines), 102 GeV (orange lines), and 106 GeV
(green lines) in the case of PBH production in a MD epoch. The
solid (dashed) lines are based on the second-order (first-order)
production mechanism.
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